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EECS 16A Designing [nformation Devices and Systems |
Fall 2020 Discussion HA

Recall from lecture the way to compute a determinant of any 2 x 2 matrix is by using the following formula:

a b
A= [c d] det(A) = ad — bc

. Mechanical Eigenvalues and Eigenvectors

Definition: For some matrix A, the polynomial function of A, f(A) = det(A — AI), is known as the charac-
teristic polynomial of A.

Find the eigenvalues (which are the roots of the characteristic polynomial) of each matrix M and their
associated eigenvectors. State if the inverse of M exists.

0 1
(@) M= {—2 —3}

Answer: Let’s begin by finding the eigenvalues:

0-A |
det(A — AI) —det<{ 5 3/1}> =0

—A(=3-A)+2=0

A*4+31+2=0
A+2)(A+1)=0
A=—1,-2

0—(-1) 1 ()}{1 10}%{1 10}

0 0 \()
T = B
X2 =1 X2 t 1
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The eigenspace for A = —2 is span{ [_1]/2] }

Note that we have no zero eigenvalues, the columns of A are linearly independent, and the determinant

of A is non-zero (evaluate our polynomial in A at A = 0). Any of these are equivalent conditions for
saying that a square matrix is invertible.

2 4
o1

Answer: Let’s begin by finding the eigenvalues:

det(A—/ll)_det<[2_4}b 81‘1}) =0

(—2—2)(8—A)+16=0

A2—61=0
AA—6)=0
1=0,6

-2 410 % 1 =210
—4 810 0O 0|0
X1 —2xy = — [X1:| - {2[:| _ [2:|[
X =1 X2 t 1
. . 2
The eigenspace for A =0 is span{ L] }
A =6:
—-2—06 4 O | -8 4|0 % 1 —1/21]0
4 8—601| | —4 210 0 0 0
xl—xz/2 =0 — [xl] _ {l‘/2:| _ [I/Z]t
X =1 X t 1
. . 1/2
The eigenspace for A = 6 is span 1 .

Matrix M has linearly dependent columns, therefore the inverse M~! does not exist. Note also that M
has an eigenvalue of 0 so that N(M) contains more than just 0. For this reason also M is not invertible.
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© M= {0 1]

(d)

0 0

Answer: Let’s begin by finding the eigenvalues:

A 0
1 —)LD_O
A2=0

A =0(x2)

det(A — AI) = det < [

[ 8 (1) 8 ] cannot be further reduced by G.E.

mvn=r = [o] =[o] = o)

The eigenspace for A =0 is span{ Ll)] } Note even though A = 0 is a eigenvalue with multiplicity

2 (occurs as a root twice for the characteristic polynomial), the dimension of its eigenspace is only 1.
In general, it is not possible to find as many linearly independent vectors for as many times a specific
eigenvalue occurs for a matrix.

Matrix M has a zero column (linearly dependent columns), therefore the inverse M~! does not exist.

0 —1
M= [l . ]
Answer: Let’s begin by finding the eigenvalues:
0 —1 A0 -1 -1
sl [l 0] [o 2]) e[ )0
AP+1=0
From the above equation, we know that the eigenvalues are A =i and A = —i.
For the eigenvalue A = i:
(M—il)X=0
0 —1 A1 0]\ =
(ORI
- =1, =
[1 _Jx_o

We can also perform Gaussian elimination on matrices with imaginary or complex numbers:

. - i

—1
—i

0
0

gl—i
0 0

x1—ix; =0 . [xl]

Xy =1t X2
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So the eigenspace is span { {J }

For the eigenvalue A = —i:

ifl()gli
1 ¢ |0 0 0

The second eigenspace is span { {_l} }

0 :| X1+i,’C2:() |:X1:|
—> e
0 Xy =1t X2

1

2. Steady State Reservoir Levels

We have 3 reservoirs: A, B and C. The pumps system between the reservoirs is depicted in Figure 1.

0.2

Figure 1: Reservoir pumps system.

(a) Write out the transition matrix T representing the pumps system.

Answer:
02 05 04
T=104 03 03
04 02 0.3
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(b) Youaretoldthat A, =1, A, = #%_1, Az = ff—gl are the eigenvalues of T. Find a steady state vector
X, i.e. a vector such that TX = X.

Answer:

We know A = 1 is the eigenvalue corresponding to the steady state eigenvector. Therefore,

TX=1x%
:llf
=XeN(T-1-1)
[0.2 0.5 04 1 00
XeN| |04 03 03|—-10 1 O
104 02 03 0 1

0
(0.8 05 04
feN| |04 —07 03]].
| 04 02 -07

In order to row reduce T — 1 - I we use Gaussian elimination. We also convert to fractions:

_4 1 2 1 -3 1 1 3 17
25 27 g R1<——5/4R1 2 % 32 Rz(—Rz—Z/SRl é 12
S 710 10 = |5 ~10 1 — |0 % 2
3 0 21 7| ReR2SR g 9 1
5 5 10 5 5 10 20 2
1 3 1 1 -3 1 1 0 437
Ry¢—20/9R; 8 % | R3R3—9/20R, 8 % | Ri<Ri+5/8R, 36
e R ] =G VR R (] B (O
9 1
0 5 —3 0 O 0 00 0 |
X1
If X = | x| is a vector describing the steady state, then we can set x3 to be the free variable. Thus we
X3

can write the form any steady state vector should take using the first two equations represented by the
row reduced matrix:

43 43
xp—3ex3=0 I

10 =0 =__ | 10
x2—jX3— = X = 9 o
x3=a0aeR 1
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