CS 70 Discrete Mathematics and Proloa]oility Theory
Spring 2021 DIS OA

| Truth Ta]oles

Determine whether the following equivalences hold, by writing out truth tables. Clearly state
whether or not each pair is equivalent.

(@ PA(QVP) = PANQ
(b) (PVQ)AR=(PAR)V(QAR)

() (PANQ)VR=(PVR)AN(QVR)
Solution:

(a) Not equivalent.
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(c) Equivalent.
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2 XOR

The truth table of XOR (denoted by @) is as follows.

A|B|A®B
F|F F
F|T T
T|F T
T|T F

1. Express XOR using only (A,V,—) and parentheses.
2. Does (A @ B) imply (A V B)? Explain briefly.

3. Does (AV B) imply (A & B)? Explain briefly.
Solution:

1. These are all correct:

* ADB=(AN-B)V(-AAB)
Notice that there are only two instances when A @ B is true: (1) when A is true and B is
false, or (2) when B is true and A is false. The clause (A A —B) is only true when (1) is,
and the clause (—A A B) is only true when (2) is.

* A®B=(AVB)A(=AV-B)
Another way to think about XOR is that exactly one of A and B needs to be true. This
also means exactly one of —A and —B needs to be true. The clause (A V B) tells us at
least one of A and B needs to be true. In order to ensure that one of A or B is also false,
we need the clause (—A V —B) to be satisfied as well.

* A®B=(AVB)AN—=(AAB)
This is the same as the previous, with De Morgan’s law applied to equate (—A V —B) to
-(AAB).
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2. Yes. (A®B) = (AAN-B)V(-AAB) = (AVB). When (A @ B) is true, at least one of A
or B is true, which makes (A V B) true as well.

3. No. When A and B are both true, then (A V B) is true, but (A @ B) is false.

3 Converse and Contrapositive

Consider the statement "if a natural number is divisible by 4, it is divisible by 2".

(a) Write the statement in propositional logic. Prove that it is true or give a counterexample.

(b) Write the inverse of the implication in English and in propositional logic. Prove that it is true
or give a counterexample. (The inverse of an implication P = Qis =P = —Q.)

(c) Write the converse of the implication in English and in propositional logic. Prove that it is true
or give a counterexample.

(d) Write the contrapositive of the implication in English and in propositional logic. Prove that it
is true or give a counterexample.

Solution:

(a) (Vx€N) (4| x = 2| x). This statement is true. We know that if x is divisible by 4, we can
write x as 4k for some integer k. But 4k = (2-2)k = 2(2k), where 2k is also an integer. Thus,
x must also be divisible by 2, since it can be written as 2 times an integer.

(b) The inverse is that if a natural number is not divisible by 4, it is not divisible by 2: (Vx € N) (41
x = 2¢x). This is false, since 2 is not divisible by 4, but is divisible by 2.

(c) The converse is that any natural number that is divisible by 2 is also divisible by 4: (Vx €
N) (2| x = 4] x). Again, this is false, since 2 is divisible by 2 but not by 4.

(d) The contrapositive is that any natural number that is not divisible by 2 is not divisible by 4:
(Vx € N) (21x = 41x). To show that this is true, first consider that saying that x is not
divisible by 2 is equivalent to saying that x/2 is not an integer. And if we divide a non-integer
by an integer, we get back another non-integer—so (x/2)/2 = x/4 must also not be an integer.
But that is exactly the same as saying that x is not divisible by 4.

Note that the inverse and the converse will always be contrapositives of each other, and so will
always be logically equivalent.
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Equivalences with Quantiﬁers

Evaluate whether the expressions on the left and right sides are equivalent in each part, and briefly
justify your answers.

@ (@ 0wy = P@) | Ve (06 = PE)
(b) || =3x ¥y (P(x,y) = =Q(x,y)) | ¥x (By P(x,y)) A (Fy Q(x,)))
(c) Vx 3y (P(x) = O(x,)) Vx (P(x) = (3y O(x,y)))
Solution:
(a) Not equivalent.

(b)

(c)

Justification: We can rewrite the left side as as Vx ((—(3y Q(x,y))) V P(x)) and the right
side as Vx Jy (=Q(x,y) V P(x)) Applying the negation on the left side of the equivalence
(=(3yQ(x,y))) changes the Jy to Yy, and the two sides are clearly not the same. Another
approach to the problem is to consider by linguistic example. Let x and y span the universe of
all people, and let Q(x,y) mean “Person x is Person y’s offspring”, and let P(x) mean “Person
x likes tofu”. The right side claims that, for all Persons x, there exists some Person y such that
either Person x is not Person y’s offspring or that Person x likes tofu. The left side claims that,
for all Persons x, if there exists a parent of Person x, then Person x likes tofu. Obviously, these
are not the same.

Not equivalent.

Justification: Using De Morgan’s Law to distribute the negation on the left side yields

Vx 3y (P(x,y) AQ(x,y)).

But 3 does not distribute over A. There could exist different values of y such that P(x,y) and
Q(x,y) for a given x, but not necessarily the same value.

Equivalent.

Justification: We can rewrite the left side as Vx 3y (=P(x) V O(x,y)) and the right side as
Vx (=P(x) V (3y Q(x,y))). Clearly, the two sides are the same if —P(x) is true. If =P(x) is
false, then the two sides are still the same, because Vx Jy (False V Q(x,y)) = Vx (FalseV

(Ely Q(x,y)))~
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