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Q1. HMMs

Consider a process where there are transitions among a finite set of states s;,--- , sy over time stepsi=1,--- ,N.
Let the random variables X, .- , Xy represent the state of the system at each time step and be generated as
follows:

e Sample the initial state s from an initial distribution Pj(X;), and set i =1
e Repeat the following:

1. Sample a duration d from a duration distribution Pp over the integers {1,---, M}, where M is the
maximum duration.

2. Remain in the current state s for the next d time steps, i.e., set
Ti =Tiy1 =" =Tiyd—1 =S (1)

3. Sample a successor state s’ from a transition distribution Pr(X;|X;_1 = s) over the other states
s’ # s (so there are no self transitions)

4, Assigni =i+ d and s = s’

This process continues indefinitely, but we only observe the first N time steps.

(a) Assuming that all three states s1,s3,s3 are different, what is the probability of the sample sequence
81, 81, 82, 82, 89, 83, 837 Write an algebraic expression. Assume M > 3.

p1(51)pp(2)pr(s2]s1)pp(3)p(s3]s2)(1 — pp(1)) (2)

At each time step i we observe a noisy version of the state X; that we denote Y; and is produced via a conditional
distribution Pg(Y;|X;).

(b) Oauly in this subquestion assume that N > M. Let X;,---, Xy and ¥3,---, Yy random variables defined
as above. What is the maximum index i < N — 1 so that X; 1l Xn|X;, X;y1,--+, Xnv_1 is guaranteed?
i=N-—-M

(¢) Only in this subquestion, assume the max duration M = 2, and Pp uniform over {1,2} and each z; is
in an alphabet {a,b}. For (X1, Xs, X3, X4, X5, Y1,Ys,Y3,Y,,Ys) draw a Bayes Net over these 10 random
variables with the property that removing any of the edges would yield a Bayes net inconsistent with the
given distribution.



(d) In this part we will explore how to write the described process as an HMM with an extended state space.
Write the states z = (s,t) where s is a state of the original system and ¢ represents the time elapsed in that
state. For example, the state sequence s1, 81, 81, 82, 83, 83 would be represented as (sq,1), (s1,2), (81, 3), (82, 1), (83,1), (83,2).
Answer all of the following in terms of the parameters P (X1), Pp(d), Pr(X,+1|X;), Pe(Yi|X:),k (total
number of possible states), N and M (max duration).

(i) What is P(Z,)?

0.W.

Plant) = {é{) . ®)

(ii) What is P(Z,,1|Z;)? Hint: You will need to break this into cases where the transition function will
behave differently.

PD(d >t + 1|d = fz') when X; 1 =X, and t;.; =t; +1and t; 1 <M
P(Xip1,tiga|Xi, ti) =  Pr(Xiy1|Xi)Pp(d =t;|d > t;) when X;41 # X; and tinq =1
0 0.W.

Where PD(d >t + 1|d = ti) = f’D(d >t + 1)/IJD(C£ = t.;).
Being in X, t;, we know that d was drawn d > t;. Conditioning on this fact, we have two choices, if d > t; then
the next state is X;.1 = X;, and if d = ¢; then X, # X, drawn from the transition distribution and ¢;., = 1.

(4)

(iii) What is P(Y;|Z;)?
p(Yi|Xi, t:) = Pe(Yi| X:)



(e) In this question we explore how to write an algorithm to compute P(Xx|y1,--- ,yn) using the particular

structure of this process.

Write P(X;|y1, -+ ,y:—1) in terms of other factors. Construct an answer by checking the correct boxes

below:

P(Xelys, - sye1) =

() @ X, il Yo
O Yyl

(i) O P(Z, = (Xy,d)|Zi_1 = (si,d))
O P(X£|Xt—1 = Si)

(i) O P(Zi—1=(sa,)|y1, 1 ye—1)
O P(Xi—1=sdlyr, - yy-1)

(i) (i) (iii)
O ¥,
o i

O P(X£|Xt—1 = Sd)
O® P(Z = (X4,d)|Zs-1 = (si,d))

. P(Zt—l = (Si,d”y], s ?yt—l)
O P(Xf,—l :Si|y11"' !yﬁ—l)



Q2. Value of Perfect Information

Consider the setup shown in the figure below, involving a robotic plant-watering system with some mysterious
random forces involved. Here, there are 4 main items at play.

(1) The robot (R) can choose to move either left (1) or right (r). Its chosen action pushes a water pellet into
the corresponding opening.

(2) The random switch (S) is arbitrarily in one of two possible positions {sg,s1}. When in position (sp), it
accepts a water pellet only from the (I) tube. When in position (s1), it accepts a water pellet only from the (r)
tube.

(3) A controllable three-way switch (7) can be chosen to be placed in one of three possible positions {tg, t1,12}.
(4) A plant (P) is arbitrarily located in one of three possible locations {py, p1,p2}. When in position p;, it can
only be successfully watered if the corresponding tube ¢; has been selected and if the water pellet was sent in
a direction that was indeed accepted by the first switch ().

Finally, in this problem, utility (U) is 1 when the plant successfully receives the water pellet, and 0 other-
wise.

T (?,-watﬁ Co rrojled +oube Sui+c1ﬂ>

p(plant focation)

(a) Let’s first set this problem up as a decision network.

(i) Which of the following decision networks correctly describe the problem described above? Select all
that apply. Recall the conventions from the lecture notes:

action nodes as rectangles , chance nodes as ovals Q , and utility nodes as diamonds <>

R R




G 2
o eoo

R and T are actions you can choose so they should be rectangles, S and P are random outcomes so
they should be ovals. All the variables are involved in the calculation of U but they do not influence
each other directly, so A has to be the answer.

(i) Fill in the following probability tables, given that there is an equal chance of being at each of their
possible locations.

P | P(P
ST PO (P)
: T po | =
S0 P T
: ¢ pL| 3
= z P2 %

(b) Before selecting your actions, suppose that someone could tell you the value of either S or P. Follow the
steps below to calculate the maximum expected utility (MEU) when knowing S, or when knowing
P. Then, decide which one you would prefer to be told.

(i) What is MEU(S)?
o O O o: @i O
O 2 O O O 1 (O None of the above
Note: can definitely answer this with intuition (and no math).

IMEU(S = s0) + AMEU(S = s1)

ool
eSS eallg

= %(ma;cg(EU(S = 80,7 = tg),EU(S = 30,T =t1), BU(S = 80, T = t3)))
+ #maxdEU{‘} = 81, T to), BU(S = 81, T =11), EU(S = s1,T = t3)))
= ?(maxz(lf‘% 1/3,1/3)) + +(maz(1/3,1/3,1/3))

-3

(ii) What is MEU(P)?
O o0 O %3 ) O i O 3 o ;
O 2 O 3 O O 1 (O None of the above
Note: can definitely answer this with intuition (and no math).
= IMEU(P = po) + L MEU( =p1) + LMEU(P = py)

3(mazr(EU(P = pg, 1),EU(P =po, R=1))) +

(mazgr(EU(P =p1, R = {) EU(P=pi,R=1)))+

(rraaxR(EU(P =py, R=1),EU(P =ps, R=71)))

T(maz(1/2,1/2)) +

(maz(1/2,1/2)) +

(rlrmx{l/Z 1/2))

2

(iii) Would you prefer to be told S or P? O s er

P since it has a higher MEU (and therefore a higher VPI).

L luPl=

|| Lol = ||

Lo Lol

(¢) (i) What is MEU(S, P)?
0 O %% O % O i O 3 O 3
O 2 O 3 O 2 ®: (O None of the above
1, because you have enough information to definitely get the water pellet to the plant.
(ii) In this problem, does VPI(S, P) = VPI(S) + VPI(P)? O Yes ® No
VPI(S,P) = MEU(S, P) — M EU (none)



VPI(S)= MEU(S) — MEU(none)
VPI(P) = MEU(P) — MEU (none)
Answer is NO, because MEU(S, P) = 1, MEU(S) = %, and MEU(P) = 1.
(iii) In general, does VPI(a,b) = VPI(a)+ VPI(b)? Select all of the statements below which are true.
O Yes, because of the additive property.
(O  Yes, because the order in which we observe the variables does not matter.
(O  Yes, but the reason is not listed.
@ No, because the value of knowing each variable can be dependent on whether or not we know
the other one.
(O No, because the order in which we observe the variables matters.
(O No, but the reason is not listed.

(d) For each of the following new variables introduced to this problem, what would the corresponding VPI of
that variable be?

(i) A new variable X indicates the weather outside, which affects the overall health of the plant.
O VPI(X)<0 ® VPI(X)=0 O VPI(X)>0
The health of the plant does not affect the utility so the VPI is 0.

(ii) A new variable X indicates the weather outside, which affects the metal of switch S such that when
it’s hot outside, the switch is most likely to remain in position sy with probability 0.9 (and goes to
s1 with probability 0.1).
O VPI(X)<0 O VPI(X)=0 ® VPI(X)>0
This will allow us to predict which direction to move the robot with more accuracy so the VPI is
greater than 0.



