
CS 170, Spring 2022 Discussion 02 P. Raghavendra and J. Wright

Note: Your TA probably will not cover all the problems. This is totally fine, the discussion worksheets
are not designed to be finished in an hour. They are deliberately made long so they can serve as a
resource you can use to practice, reinforce, and build upon concepts discussed in lecture, readings,
and the homework.

1 FFT Intro

We will use ωn to denote the first n-th root of unity ωn = e2πi/n. The most important fact about
roots of unity for our purposes is that the squares of the 2n-th roots of unity are the n-th roots of
unity.

Fast Fourier Transform! The Fast Fourier Transform FFT(p, n) takes arguments n, some
power of 2, and p is some vector [p0, p1, . . . , pn−1].

Here, we describe how we can view FFT as a way to perform a specific matrix multiplication
involving the DFT matrix. Note, however, that the FFT algorithm will not explicitly compute
this matrix. We have written out the matrix below for convenience.

Treating p as a polynomial P (x) = p0 + p1x + . . . + pn−1x
n−1, the FFT computes the value

of P (x) for all x that are n-th roots of unity by computing the result of the following matrix
multiplication in O(n log n) time:
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If we let E(x) = p0 + p2x + . . . pn−2x

n/2−1 and O(x) = p1 + p3x + . . . pn−1x
n/2−1, then

P (x) = E(x2)+xO(x2), and then FFT (p, n) can be expressed as a divide-and-conquer algorithm:

1. Compute E′ = FFT(E,n/2) and O′ = FFT(O,n/2).

2. For i = 0 . . . n− 1, assign P (ωin)← E((ωin)2) + ωinO((ωin)2)
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(You should verify this on your own!) And so given the values P (1), P (ωn), P (ω2
n) . . ., we can

compute P by finding the result of the following matrix multiplication in O(n log n) time:
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This can be done in O(n log n) time using a similar divide and conquer algorithm.
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(a) Let p = [p0]. What is FFT(p, 1)?

(b) Use the FFT algorithm to compute FFT([1, 4], 2) and FFT([3, 2], 2).

(c) Use your answers to the previous parts to compute FFT([1, 3, 4, 2], 4).

(d) Describe how to multiply two polynomials p(x), q(x) in coefficient form of degree at most d.

2 (Challenge Problem) Cartesian Sum

Let A and B be two sets of integers in the range 0 to 10n. The Cartesian sum of A and B is defined
as

A + B = {a + b | a ∈ A, b ∈ B}

i.e. all sums of an element from A and an element with B. For example, {1, 3}+{2, 4} = {3, 5, 7}.

Note that the values of A + B are integers in the range 0 to 20n. Design an algorithm that finds
the elements of A + B in O(n log n) time, which additionally tells you for each c ∈ A + B, how many
pairs a ∈ A, b ∈ B there are such that a + b = c.

Hint: Notice that (x1 + x3) · (x2 + x4) = x3 + 2x5 + x7
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3 (Challenge Problem) Cubed Roots of Unity

(a) Cubing the 9th roots of unity gives the 3rd roots of unity. Next to each of the third roots below,
write down the corresponding 9th roots which cube to it. The first has been filled for you. We
will use ω9 to represent the primitive 9th root of unity, and ω3 to represent the primitive 3rd root.

ω0
3 : ω0

9 , ,

ω1
3 : , ,

ω2
3 : , ,

(b) You want to run FFT on a degree-8 polynomial, but you don’t like having to pad it with 0s to
make (degree+1) a power of 2. Instead, you realize that 9 is a power of 3, and you decide to work
directly with 9th roots of unity and use the fact proven in part (a). Say that your polynomial
looks like P (x) = a0 + a1x + a2x

2 + . . . + a8x
8. Describe a way to split P (x) into three pieces

(instead of two) so that you can make an FFT-like divide-and-conquer algorithm.

(c) What is the runtime of FFT when we divide the polynomial into three pieces instead of two?

4 Connectivity vs Strong Connectivity

(a) Prove that in any connected undirected graph G = (V,E) there is a vertex v ∈ V such that
removing v from G gives another connected graph.

(b) Give an example of a strongly connected directed graph G = (V,E) such that, for every v ∈ V ,
removing v from G gives a directed graph that is not strongly connected.

(c) Let G = (V,E) be a connected undirected graph such that G remains connected after removing
any vertex. Show that for every pair of vertices u, v where (u, v) /∈ E there exist two different u-v
paths.
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5 Short Answer

For each of the following, either prove the statement is true or give a counterexample to show it is
false.

(a) If (u, v) is an edge in an undirected graph and during DFS, post(v) < post(u), then u is an
ancestor of v in the DFS tree.

(b) In a directed graph, if there is a path from u to v and pre(u) < pre(v) then u is an ancestor of v
in the DFS tree.

(c) In any connected undirected graph G there is a vertex whose removal leaves G connected.
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