


Streaming
Algorithms

part 2



Last time

Distinct elements

Input : A stream si
.
.
._, Sn C- { 1

, . . >
N}

Goal : Estimate number of distinct

elements in stream



Algorithm
• Pick a random hash function h :{ 1 , - ,N}→[0,1]
• Compute minimum of h(sit

, . . - shlsn)
= minimum of ri . . . _ , rk =L

( assuming
f- distinct elements)

• Output Ya
✗

Intuition :
the ri's

~
0
≈ ¥+1 I

≈ Yktl

Todo : How to construct h?



Problems with random h :{ b- - ,N}→ [0,1]
1. Computers can't store arbitrary real numbers
Soln : Pick h :{4 .

. -1N}→ { 1, . . >R} , R is large
so hli)/R ≈ random number in [on]

2 . It h :{4-IN} → {It>R} is uniformly random
needs N lug R bits to store

so/^ : Make h "

pseudorandom
"

A hash family is a set H = { hi
, .
. -1hm}

Write h~H to mean random hi
1

,
hilt looks " somewhat random

"

2. m is small → logln) bits to store



A hash family H = { hi
, .
. ,hm :{ t.int> { t.ir} }

is pairwise independent if
• for all x≠ye{ 1, . .,N] : Pr [ hhd=i and hly)=j]

and i.j c- { t.IR} hilt = 422
h

,

I _
- - X J N

: DD
hm

Look like two independent draws
from {4--112}

Implies
: Pr [ hlx) = -4=1-2
hut



Example
Let p be a prime
For each a,b c-

p
= {0,1, . . _,P

- 1)
let ha ,b :

'Zp → Zip
ha

,
blx) = a ✗ tb ( mod p)

Then H = { ha
,
is}a,eqp

is pairwise
independent



PI: Let ✗≠y and i,j ( all in Rp)
Goal : Pr [ axtb = i and aytb=j] = ¥,

a,b

Suppose ✗ = 0 and y =L (for simplicity)
Goal : Pr [ b = in and atb = j ] = ¥2

a,b

But ( b , at b) is random pair in Ep
( General case left as exercise)

( x --0 yet 2=2 f- (2) = Za tb = Zlatb) - b
= 21-111-1-101



Algorithm ( modified)
• Pick a pairwise independent hash function

h :{ ! - - IN} → [0,1]
• Compute ✗ = smallest of hls, ) , . .> hlsn )

= t-th smallest of r
, , . -,
rk

◦ Outputs 112 • £ (assuming K distinct ekns)
(should be≈ 4k . t )

Algorithm susceptible to outliers
one abnormally small ri can ruin output

Idea : use t - th smallest ri

Alg should store t smallest ri's
and corresponding Sj's



Analysis : Suppose b- = # of distinct elements
Prc alg outputs ≥ 2k] = Pr [✗ ≤ ¥.]

=

Pr[(#¥É≥t]Define G- = { 1 if ri ≤¥,
0 0

.
W.

Then C = C. it . - it CK k

E- [C) = E [ ¥:c:] = ¥,

c-[a.] (
linearity of )
expectation

= Ii Pr [ ri ≤ Ék]
= Ii Erik -¥ = ¥



Recall : Yar [ ×] -- C- [K) - E- [xp ( ≤ C-[✗7)
Fact : If Xi

,
.
_ , Xn are independent , then

Varcx , + . _ + ✗n] = Var [✗it . - 1- Var [Xn]
Also holds if Xi

,
. --ski are pairwise independent

var [c) = Var [ ÉICI] = ¥5 var [Ci]
Harley ≤ ECCE] = C- [E) = ÉK
Var (c) ≤ K . ±zk=±z Standard Pev ≤ TEE

Fights , ¥01M tis largeI
%

I
+ ⇒ C usually Et



Heavy hitters
In pit : a stream S , , . . > Sn C- { 1

,
-→
N}

Output : each aE{ 4 .>N} whose frequency
fa = # i s .t . Sia is large

i.e. a subset L ≤ { 1, -→ N} set .

1. every a sit . fa ≥ % is in L

2 ,
no a sit . f-

a ≤ ≈, is
in L



Count -Min - sketch (l , B)
• Initialize l ✗ B array M to all zeros
• Pick l pairwise independent hash functions

hi
, .
-

, he :{ 1 , . -1N} → { 4.→B)
• While stream is not empty

• Read s, next stream element
• For i.= I . . - l
M [ i

, hits) ] tt
• If min of these vats is ≥%

,
adds to L

• Return L



. .
- B

h ,

I 2

④ M
hi iD

:

h test
l

→ stream element g

Fact : For each symbol a

ME, hilal] ≥ f-a



Fix an element a

M [ i, hilal] = fat I fbb≠a
: hi/b) = hi(a)

EMComical] - fat baPr¥¥1] • fbhi

= fat +afb . tp ≤ fat ¥
So if ✗ = Mci

,
hold]

,
then : • ✗ 30

- fa • E[×] ≤ %
I



Markov 's inequality : Pr [× ≥ t.EC]] ≤ ¥ (
if ×≥o)

So Pr [ ✗ 32%7 ≤ 42
Pr [ Mci , hila )) ≥ fat 2- Is] ≤ tz

Then Pr [ Hi ME, hilal] > fat 2. Is) ≤ Ée
≥ fat %) ≤ ¥
for B--40, 1--21%4)

If f-
a
≤ 5- ◦

,
it is included in L w/prob ≤ ÷,

Only n possible
"

bad
"

a's
,

so Phone gets into L]
2- 11h (union bound


