
Dynamic Programming #
Solving a problem
by identifying a collection of sub problems
and solving them smallest to largest

Last Time : 1. Fibonacci
2. Shortest paths in DAGS
3. Longest increasing subsequences
4. Edit distance

This time : More problems
DP design steps
1. Identifying subproblems ( F

, ,
.
. ,Fn)

2. Compute recurrence ( Fn = Fn - , +Fn -2)

3. Design algorithm ( bottom-up Fib)



Knapsack
Input : total weight W ( all integers)n items with weights w,

,
, - ywn

and values V
, ,

.
. - / Vn

Output : Most valuable combination of items
w/ total weight EW

Two variants : with repetih v. without repetition
W= 10 Item Weight Valve

I 6 $30
2 3 $14
3 4 $16
4 2 $9

With replacement without replacement
( item 1) + 2. (item 4) =$48 ( item 1) 1- ( item 3)

= $46



Knapsack with replacement/repetition
I. Identify subproblems best knapsack of weight ✓

÷¥÷;÷÷¥=÷
with weight c-W-Wi

K(c) = Max value achievable w/ total weightEC
2. Recurrence ?

KCC) - max { v. + KK-wit}
i. : Wisc

3. Algorithm Kco)=0
for c= 1 to W
K (c) = max {vitk (C- wit}

i:will

return KIW) Runtime: Ocnw)



K'0•⇐¥k) . •

KCW )



Knapsack without repetition
1. Identify sub problems K(c) = max value achievable w/weight

c-C ???

doer's't work !
best knapsack
w/ weight G-C-Wi
not including i

KCC, j)= max value achievable w/ total weight?(
only using items 1

, .
-yj

2. Recurrence?

YTÑfYes /Noopt Keio)=¥E;,É¥(C
, j-D

KCGJ)=max{ ✓jtkcc -wj , j- D, K@ is-11}
Base case : Klo,j)=O ,

KCC,01=0



3. AlgorithmInitialize all Kio ,;) and KCC , 0) to 0
for j= 1 to n

for C = 1 to W
if wj > C : KCC, j )

= KCC, j - 1)
else KCGJI = Max { irjt KCC-wj, j

- H
,

Kccyj - 1)
return KCW,n)

⇒> Runtime:# subproblem =Qnw)
time per subproblem -_ Oa)

"

space:*
total :O lnw)

OCW)



Shortest path (positive or negative
Input : directed 6=14E) , lengths for each edge llcsv)

St EV , integer K
Output : Length of shortest s→t path only using K edges

shortest s-→t path :
5 5 length 5shortest s →c- path w/ K2

length 6
1. Subproblems? distcv, i) = length of shortest s→ v path

using ± i edges
2. Recurrence? Shortest s→v path w/⇐ edges

→ a-=✓

distlv.it = min { distlu, i- 1) + evil , distlv}
u :(v.v1EE



3. Algorithm
"" '

'
" 'E'

Runtime :

Initialize all distcv
,
0) =D O(krntkm)

distls , 01=0 Shortest path :

for [=\ , - - -1k set k=n-1

for each v c-✓
distcv.it -_ min { distlu,i -1) tllyv) ,

u :(unite distcv,i-1 ) }
return tistlt ,k) ?

disks -07=0
s•↳) distlx, 17=2 disks,i)

¥3 dishy, 17=1 y tllsy)
=/

✗ distlyf-sotfdistlx.it
✗ + llx,y1=5



All pairs shortest paths CAPSP)
Input : G=(KEI

, lengths llu ,v ) for each edge
Output : If u ,✓ c-✓

,
distcu,v)= length of shortest u→v

path

Idea 1 : use Bellman - Ford for eachsc-VOW-OIYY.in#y=ocn2m )
Idea 2 : use DP

will prove 01ns)



1. Subproblems ? Suppose V={ 1 , . . - in}
→ i → → i.← any

anyvertex intermediate vertices jyjy.a.sk Vertex

distliijsk) = length of shortest i→j path
where intermediate vertices are in

t.ytdistli.jp) =L ( i.j )

2. Recurrence for distlii, ,k)

i.
ÉÉÉÉ÷,

distci
, j , K

-D

distlib.lk/--min(distli,j.k-d,distli,tyt--DtdistCt-sj,t--iB



Algorithm c-c-

For all lips distci.jp =L Ii,j ) (D it not edge)
for f- = I . . n

for [ = 1 to n

for - j = 1 to n

distliij , K1 = min { distliityk-ptdistct.si,
K-1)I

distcij, k-e)
Runtime : Ocis) time

Fun fact : runtime of best Apspay :


