
Paths in

Graphs



Signage - source shortest paths lsssp)
Input : Graph G ,

"

source
" vertex s C- 11

Output : H well , dcs ,v1 = length of shortest path from s to u

unweighted : all edges length 1€0s-④
'

Breadth -first search

1I _④z Positive lengths :L : E → { 1,2,}. . .}
I Dijkstra

Arbitrary length edges
Bellman - Ford



Unweighted graphs
DFS : ⑤

-④
'

I \⑤
③ a §

'

④

②
"""" " "%

""
( have not yet seen)
dist 2

-0^-1

ios?



Breadth - first search
bfs (G

,
s) 'dist [ 51=0 / 1Huts

,
dist [v7 =D

⑦-1=0Q = { s} (queue containing s) 2
3

while Q is not empty
u = dequeue (Q)(
for all vs.t.com, ← E

Q :$ #¢PE/ 13/1=1
if dist [v7 = oo

,

enquire CQ , v7 Runtime : Olntm) time

distal -_distant 1 linear
, same as Dpg

DFS is just BFS w/ stack



Positive lengths

g.¥+71
" Dijkstra's algorithm

d. Compute v1 = closest vertex to s
i 3 /
→
② and dcs.vn

2. Compute v2 = 2nd closest to s¥ and DCs
, V2)

Vz I
3. " V3 3rd a

"

:K = the set of
"

known
"

vertices
at some step

= { v1 , . . -, Vi}

U =
"

unknown
"

vertices 0=11 / K



Q : Given K={ vi.→ ri } .
How to compute Viti ? = closest vertex not in

K

Closer to s !
in U

s•-¥•vo+ , (shortest s→vi+, path)

Is'É"
" "" " "&"" " +" """"

path of this form

he
>•w

dist [viti] = distlu] + llu , Viti)

u minimizes distal tllyviti )
6



Dijkstra has dist [v7 for each VEV
dist [ v7 = {

dls
,
v1 if u c- K

min distant llu,v)
UEK

Y After adding Viti to K
If (Vin ,w) C- £

([
distal -_ min { distant

,

distant,]
G

update lvityw)
+ llvityw)



dijkstra (Gbs) Priority queue
dist [ 51=0 Contains a set of
Hu # s

,
distcu]=• (element , key) pairs

← integer0=11 ( insert (u,dist[v7) Hu)
• Insert (elem

, key)while U is not empty
choose u c- U with minimum • Decrease key (elem, key)Remove u from U , dist [u]
Lu = DeleteMine) ) (Replaces den's old key

w/ new key)for each rs.t.lu ,v) c- E
dist [D= min (distler] , • DeleteMincj

dist [itllyvl
Decrease Keyly , distr])



Dijkstra's runtime
Insert n times
DeleteMin n times
Decrease key m times

array:÷:::÷:÷I:÷:÷1÷÷÷:t÷:¥::¥÷÷-÷÷:
heap

Mikkel Thorup 2004 : 0( nloglogntm)



Negative weights Does it make sense?

③ T.gg so-20¥
> 0A

⇒④ o well-defined
-2 if all cycles

update (un ) u.TV have positive
lengths

distal = min { dist [v7 , ,

dist [u] +1144}
① Update is

"

safe " : dist (v77 dls,v)
② suppose shortest s→v path is s→→→→→g→V
and d[u7=dG,u) . Then after update, distal-16,4,



s→É→É→;→ .
. -
→ uE→É

→ update↳v7

→ update Knud Bellman- Ford (G, I, s)
: Fori=1@→ updatecut-1 , 4-7

vpdateuhtheed.ge#→ update Cut , r )
(for all Cyv) C-G

,

updateLviv))
Runtime :O (nm)

( best known far. arbitrary
weights)


