
Today :
1. Finish Union find

2 .

Set cover

3. Dynamic programming ?



Recap : union find data structure ( with path compression
• make set (x ) • find (x) • merge Cx,y)

T T find(D)
④
Tri⑤ ④ →④ ⑤ ④¥

Last time : makeset 041 time
find / union = o clog (y)

(without path
compression

)

Today : A sequence of n make sets and m union /find ops
takes Occntms log#(n)) time

Lavy operation tunes login time) (w/ path compression)



Key idea : Group elements x by ranklx)
Intervals : "
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For in>it
,
interval i is (21^4--11,21^0), 21^0

=p
?}i

Def : Element × is interval i at some time if :
• ✗ is not a rout

•

× 's rwkcx) is in interval i

Two facts : I. Largest nonempty interval is E- log
#G) - I

2. # of elements in interval i

is C- ⇐i



Consider find 1×7 . Cost is # of edges in

consider § in this path . 3 types of edges : Ñ×
type 1 : V is a root . 041 cost per find !
Type 2 : v is not a root , u's interval =/ v's interval pay

0C log*all type 2 edges per find A

¥
Type 3 : v is not a root , u 's interval = v 's interval

can be a lot !
"

u's type 3 edge
"



Cost of type 3 edges
☐ (# of times u is type 3 edge)

element u

suppose u is in interval i
rankCu)

It"t
"

(2mi -11 , 2mi - 1) +1 , . . . -
-

, Zhi]
u is type 3 edge I 2ti times

cost -1 I
elements

=

"

2% • (# elements in interval)
intervals
i = - l

v's interval
£ [ 2fiEµ. = In Olnlogtn)
i.

i
D-



In summary
For each find, type 182 edges cost 0115%1)
Over AI finds, type 3 edges cost an 15%1)

Total cost = 0cm -105×1^1 t n log
*G))

( avenge 105×4) per operation)
Recall : Can do even better ! average alntm.nl/op.rati,

9
inverse Ackerman



Set Cover
Input : • Universe of n elements U= { 1 , . . . ,n }

• Subsets Si, . . . / Sm EU sit. S, u
-- - u Sm =U

Output : Collection of these subsets covering U of minimal
i.e. JE { 1, , - , m3 sit . ¥ So -_U size K

• Minimal setExample :

++q① cover size00 f- =3



Greedy algorithm for set cover
Repeat until all elements of U are covered :

Rick the next sets with largest # of uncovered
elements

£①Ñ↳ Greedy picks : saris,
Ss

optimal :S, , se
s, S4 S5

opt size K --2
Greedy fails !

Greed
] Picks all 8 sets

optimal just the petals, k=7



Theorem :
"

Greedy solution is not too bad
"

If optimal solution uses K sets ,
then Greedy uses at most klnln) sets

I 1 Iimpossible k klnln) m

Pf : Let n#
be # of elements not covered
after t steps of Greedy , ( E.g. no = A)

Goal : show for t= klnln) , n + <I⇒ n+=O , Greedy covers U w/ it sets .

Claim 1 : n , E no - no /K

U optimal solution uses K sets

Therefore , I set covering
7 Mk elements

Greedy picks largest set ,
-

: opting!ñun which is of size 7%-97-1



Claim 2 : n t -11 Ent
- ntk = nt ( I - tk )

Optimal solution covers"

¥ points

these he points
⇒ I a set that covers

7 ntlk of these points
- : sets chose- b) Greedy Greedy picks largest set,

remaining- : sets chosen by optimal covers 7^4 points ☐

nt Int - i ( 1-E) a- n←z( 1-EYE . . - I no a-¥5
= n ( 1- t.it

Question : for
E- klnlnl

,
can we show

n ( 1- trite 2?



We have shown : nt In ( 1- E) t

[Intuition : ( I
- ¥1k ~_ I/e
Ll - E)t = ( ( I -¥1k)¥k~~ (ke)

"k

Fact : For all ✗¥0 , I - ✗ < e-
×

Pf :

¥É ☐

nt S n ( 1-E)
+
< n ( e-

"k)t= n e- Hk
1-✗ < e-

✗

When t= KenG) , nt ( n e-
kl"" / K

= n e-
lnln)

= 2- =L I



Greedy does not solve set cover

Greedy outputs klnln) sets, where k=0PT"Greedy achieves approximation InG)
"

we don't know any efficient alg for set cover .
But we do "

know" the best efficient approximation
It achieves approximation alg
It is Greedy !

Thm : If I an efficient alg for set cover
with approximation 0.999 lnln) , then

• then would be efficient alg for set cover
• " " i n n n factoring
• 11 11 11 I ' Ii 11 } Sat

• p=NP


