
Recap : Minimum Spanning Tree (MST)

with edge weights we
Graph G-tv.tt

Goal : Find a tree TEE connecting all the verticesw/ minimum total edge cost
Meta -algorithm

✗= E}
repeat until 1×1=1111 - I
pick a set SCV sit . ✗ has no edge from 5 to V15
let cc- E be the minimum -weight edge from S to V15
✗=Xu{e}

Example : Kruskal's algorithm , Prim's algorithm



Prim's algorithm
✗ always forms a (connected) tree on a set of vertices SEV
At each step , pick the edge from S to ✓ IS
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similar to Dijkstra's . Implement w/ priority queue



prin (Gw)
'

Runtime

✗ ÷ {} n=lvl,m=1É
Q= priority Queue c)
for each well

,
Q . insert (YN) n inserts
from [v7 = null

pick start vertex SEV , G. decrease Kcyls, 0) n delete Mins

while 1×1<-1 V1 - I 0cm) decrease keys
u= deleteMin CQ)
if u# s , ✗ = ✗ u { Lf"%%l } occmtnlloyn)
for all vc-vs.t.lu, v1 c-E w/ binary heap
if ✓ c- Q still and warm < v. keyC)
Q.deckeycywcu.vn O(mtnloyn)from[v7 = u

w/ Iib heap



MST runtime ,
Kruskal : 0 ( (mtnllogn ) time

Prim : 0cm t nlognl
Karger ,Klein ,

-Taejon 1995 : ocmtn ) expected time
( randomized

Chazelle 2000 : Deterministic 0cm - dlm
,
n) )

T
inverse Ackermann function
✗(m,n)£5 for men reasonable

Pettie
,
Ramachandran 2002: Deterministic 0Coptimal)

optimal = ?



Rest of lecture : disjoint set/union find data structure
implementation : disjoint - Set forest

runtime
• make set G) 0111 time
[creates a singleton set containing ×)

• find 47
Ollogn)( which set is ✗ in?)

• union (X) ) )
( merges the sets containing ×, g) Ocloyh )

Kruskal 's algorithm
• n make sets 041
• 2m finds Olmlogn)
•
n- l unions Olnloyn)

• sorts edges n)

Ollmtnllogn)
( We will also see how to improve union find)



Union find using directed trees
{ B. E3 { A

,
C
,
D
,

F
,
G
,
It}

representative/
name of set

y tf$④ ④ ④
trank : height of subtree
⑤

T
hanging below node

make set ( X)
ITCH = ✗ itch = ×'s parent)

find (×)
while ✗ =/ Ttx

rank1×1=0 ✗ = Ticx)
return ✗



union (x
, y )

"

union by rank
"

r×= f- index)

TTry = find cy)
④

itif r×=ry , return
④ ⑤

if rankcrx) > ranklry)
tlry)=rx ④

else it rarklrx ) < rankcry)
tlrx )=ry ④→ielse
_u(r×7=ry
ranking -_ rankcryltl K

runtime __O(runtime of find)



Claidi. for all ×
,
rant-1×1 < rank (-111×1) (unless ✗⇒a)

Chainz : Any root node of rank K has 72K nodes in its tree

PI : By induction on
K
. Base case f- = 0 ✓

Inductive step . Assume true for rank K .

Suppose union Cx, g)

*±i?÷.÷
.

☐



Cluing : for all ×
,
rank4) < rank (-111×1) (unless ✗=#)

Chainz : Any root node of rank K has 72K nodes in its tree

( Also holds for non root nodes )

Claim3- : If n elements overall , at most Ik elements
of rank K

.

PI : Rank k nodes have disjoint subtrees .
0

- :(# of rank K nodes) • 2k
£ h

A
Corolloryi All nodes have rank C- login)

Hence, find and union take time oAogh))



Improving union find via path compression
find ( x)

→
find (X)

while ✗ =/ ☐ 4) if ✗ = -111×7 ,
return Tich

✗ = ICH else
,
rctvrnfindCTC✗#

return ✗ Ttx) = findCtcxl)
return Ticx)

④ ④

$
¥5'

④
i 91^9

④ ⑤ ④④Tt t
④
④

don't update rink
④ ⑤ rank no longer height



Runtime of union find with path compression
A sequence of n makesets and m union /finds take

0 Cnt m . a (7^1) time
← inverse Ackerman

we will show :O ( ( ntm) - log
*
n ) time

i. average operation takes time 10Th
log-4^1 = # loyal )'s needed to bring n to 2- I

105×121=1 1. j( 24=2 log
* (E) =

Note : does not say eats operation takes 15×4) tie

* ④
→④

0



Consider intervals [o]
,
[ I]
,
( 1,2]

,
(2,4]

,
(4,16]

,
( 16,655363 . . .

→ T (20,27 , (2,24 , Ci, zit,
Cat
, i
"} . -

-

"

interval -1
"

" interval o
"

T interval 1

For i.71
,
interval i is (21^4--11,29 ;]

,
21^0=22

? } "

Element ✗ is in interval i at some time if :
• ✗ is not a root
• ×'s rank (x) is in interval i

Largest possible rank is loyal . It is in interval iwhere

zz
: it < logG) Ey

?}i
So i= 105×(1%41)=105×61-1 .

Let k= 2mi- 1) . # of elements in ( k , 2k] ( interval i)
5- In, + ¥+2T . - - E ¥


