
CS 170, Spring 2021 DIS 12 A. Chiesa & J. Demmel

Note: Your TA probably will not cover all the problems. This is totally fine, the discussion worksheets
are not designed to be finished in an hour. They are deliberately made long so they can serve as a
resource you can use to practice, reinforce, and build upon concepts discussed in lecture, readings,
and the homework.

1 NP or not NP, that is the question

For the following questions, circle the (unique) condition that would make the statement true.

(a) If B is NP-complete, then for any problem A ∈ NP, there exists a polynomial-time reduction
from A to B.

Always True True iff P = NP True iff P 6= NP Always False

Solution: Always True: this is the definition of NP-hard, and all NP-complete problems are
NP-hard

(b) If B is in NP, then for any problem A ∈ P, there exists a polynomial-time reduction from A
to B.

Always True True iff P = NP True iff P 6= NP Always False

Solution: Always true: since we have polynomial time for our reduction, we have enough time
to simply solve any instance of A during the reduction.
Note that in this class, we ignore decision problems which always returns YES, and the decision
problems which always returns NO.

(c) 2 SAT is NP-complete.

Always True True iff P = NP True iff P 6= NP Always False

Solution: True iff P = NP:
By definition, in order to be NP-Complete a problem must be in NP, and there must exist a
polynomial reduction from every problem in NP.
If P 6= NP, then there does not exist a polynomial time reduction from NP-Complete problems
like 3-SAT to 2-SAT.
If P = NP, then a polynomial reduction is as follows:
since P = NP there must exist a polynomial times algorithm to solve 3−SAT . Thus, when we
are preprocessing 3-SAT we can solve for whether there exists a solution in the instance or not.
If the instance has a solution, then we will map it to an instance of 2−SAT that has a solution,
and if it doesn’t have a solution, we will map it to an instance that doesn’t have a solution.
Thus all problems in NP will have a polynomial time reduction to 2-SAT as all problems in NP
are reducible to 3-SAT.

(d) Minimum Spanning Tree is in NP.

Always True True iff P = NP True iff P 6= NP Always False

Solution: Always True. MST is solvable in polynomial time, which means it is verifiable in
polynomial time.
Note that explicitly, the decision problem would be ”does there exist a spanning tree whose
cost is less than a budget b?”.
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2 Graph Coloring Problem

In the k-coloring problem, we are given an undirected graph G = (V,E) and are asked to assign every
vertex a color from the set 1, · · · , k, such that no two adjacent vertices have the same color.
As you will prove in the homework 3-coloring is NP-Complete.

Prove that 10-coloring is also NP-Complete.
Solution:
Proof that 10-coloring is in NP
We can verify an assignment of colors to vertices satisfy the constraints of 10-coloring, by making
sure every vertex is assigned a color in the set 1, · · · , k, and that for every edge the two vertices are
different colors. This takes O(V + E), and so 10-coloring is verifiable in polynomial time and is in
NP.

Proof that 10-coloring is in NP-Hard
To do this we need to reduce an NP-Complete problem, 3-coloring to 10-coloring. The transformation
is introduce 7 vertices that are completely connected to each other and add an edge from each of
these 7 vertices to every vertex in V to produce a new graph G’. This new graph is what we will run
10-coloring on.

To prove this transformation is valid, we need to prove both directions which is shown as follows.

1. If 3-coloring has a solution, then our transformation of the problem to 10-coloring has a solution.
In G’ you assign the colors of the vertices that come from G to be that of the colors of the solution of
the 3-coloring. Then, you assign every one of the 7 new vertices you introduced to a different color,
and you get a 10-coloring solution.

2. If 10-coloring that is in the format of our transformation has a solution, then the 3-coloring that
corresponds to the 10-coloring has a solution.
The 10-coloring solution of G’ must assign every one of the 7 vertices a different color because there
is an edge between every one of the 7 vertices. Then, the vertices of the original problem must be
constrained to only use 3 colors as there is an edge from every one of the 7 vertices (with different
colors) to the original vertices.

Because 10-coloring is in NP and it is NP-hard, 10-coloring is NP-complete.

3 2-SAT and Variants

Max-2-SAT is defined as follows. Let C1, . . . , Cm be a collection of 2-clauses and b a non-negative
integer. We want to determine if there is some assignment which satisfies at least b clauses.

Max-Cut is defined as follows. Let G be an undirected unweighted graph, and k a non-negative inte-
ger. We want to determine if there is some cut with at least k edges crossing it. Max-Cut is known
to be NP-complete.

Show that Max-2-SAT is NP-complete by reducing from Max-Cut. Prove the correctness of your
reduction.

Solution:
Proof that Max-2-SAT is in NP.
Given an assignment of variables, we can iterate through the clauses and count how many are satisfied
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in polynomial time, and check that this number is less than or equal to k.

Proof that Max-2-SAT is in NP-Hard.
As suggested, we reduce unweighted Max-Cut to Max-2-SAT, where the graph G = (V,E) and an inte-
ger k are part of the instance of Max-Cut we are trying to reduce. When approaching this reduction,
we want to determine a way to represent all the restrictions of Max-Cut in a manner that Max-2-SAT
will understand, which means figuring out how vertices and edges become variables or clauses in our
Max-2-SAT instance.

We will represent every vertex as a variable which is true when it is on one side of the cut, and false
when it on the other side. Now, we need to figure out how to represent the edges. We want to be
able to distinguish between edges crossing the cut vs edges not crossing the cut. If we draw a truth
table we will notice that for an edge (u, v) we want a pairing (T, F) and (F, T) to be able to be
distinguished from (T, T) and (F, F). This is the boolean function XOR, which can be represented
as 2 OR clauses: (xu∨xv) and (xu∨xv) where xu represents the vertex u and xv represents the vertex v.

Notice how if both xu and xv are the same, then only one clause is satisfied, but if there are different
both clauses are satisfied. So if z edges cross the cut, then there will be 2z clauses satisfied from the
crossing, and |E| − z clauses satisfied from edges not crossing, giving us a total of |E| + z satisfying
clauses.
Since we want there to be at least k edges crossing the cut, we will look for at least |E|+ k satisfying
clauses.

To summarize our Max-2-SAT instance from Max-Cut is b = |E|+ k, every vertex v is a variable xv,
and every edge (u, v) is translated into 2 clauses (xu ∨ xv) and (xu ∨ xv).

Now we proceed to our proof of correctness.

1. If an instance of Max-Cut has a solution, then the corresponding instance of Max-2-SAT has
a solution.
If Max-Cut has a solution, then there must be at least k edges crossing the cut. This means that the
corresponding instance of Max-2-SAT has 2k clauses that will evaluate to true that were made from
these edges. All edges that don’t cross the cut contribute one clause that evaluates to true, meaning
that there are |E| − k + 2k = |E|+ k clauses that are true which is equal to b thus proving that the
corresponding instance of Max-2-SAT has a solution.

2. If an instance of Max-2-SAT in the transformed format has a solution, then the corresponding
instance of Max-Cut has a solution.
If an instance of Max-2-SAT in the transformed format has a solution, then there must be at least
|E| + k clauses that are satisfied. This corresponds to k edges of the instance of Max-Cut being
satisfied, from the logic in paragraph 3 of the ”Proof that Max-2-SAT is in NP-Hard” section, as in
order for |E|+k clauses to be satisfied, |E|−k clauses must correspond to edges not crossing the cut,
and 2 ∗ k clauses must correspond to edges crossing the cut meaning k edges cross the cut.

Since we proved Max-2-SAT is in NP and is NP-Hard, it must be NP-Complete.

4 (3,3)-SAT

Consider the (3,3)-SAT problem, which is the same as 3-SAT except each literal or its negation ap-
pears at most 3 times across the entire formula. Notice that (3,3)-SAT is reducible to 3-SAT because
every formula that satisfies the (3,3)-SAT constraints satisfies those for 3-SAT. We are interested in
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the other direction.

Show that (3,3)-SAT is NP-Hard via reduction from 3-SAT. By doing so, we will have eliminated
the notion that the ”hardness” of 3-SAT was in the repetition of variables across the formula.

Give a precise description of the reduction and prove its correctness.
Solution:
Assume that the variable xi or ¬xi appears k > 3 times. Let us replace the k occurrences of xi with

x
(j)
i for j = 1, . . . , k. We now have used each literal x

(j)
i exactly once. We additionally add the clauses

¬x(j)i ∨ x
(j+1)
i and ¬x(k)i ∨ x(1)i for each j = 1, . . . , k − 1. Recall that ¬x(j)i ∨ x

(j+1)
i is equivalent to

x
(j)
i ⇒ x

(j+1)
i and ¬x(j+1)

i ⇒ ¬x(j)i , so the collective chain enforces that x
(1)
i = x

(2)
i = . . . = x

(k)
i .

Make the replacement for each literal that occurs more than 3 times ensures that all literals in
the new formula occur at most 3 times. This is only a polynomial increase in the size of the problem
description.

A satisfying assignment {xi = αi} for the original formula can be translated to an assignment for

the new formula by setting x
(j)
i = αi by the previous argument.

For the other direction, a satisfying assignment for the new formula must have x
(1)
i = x

(2)
i = . . . =

x
(k)
i = αi, so we can set xi = αi in the original formula.
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